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ABSTRACT 

The BFSS Matrix model can be regarded as a theory of coincident M-theory gravitons. In this 
spirit, we summarize how using the action for coincident gravitons proposed in hep-th/0207199 
it is possible to go beyond the linear order approximation of Kabat and Taylor, and to provide 
a satisfactory microscopical description of giant gravitons in AdS m x S n backgrounds. We then 
show that in the M-theory maximally supersymmetric pp-wave background, the action for 
coincident gravitons, besides reproducing the BMN Matrix model, predicts a new quadrupolar 
coupling to the M-theory 6-form potential, which supports the so far elusive fuzzy 5-sphere 
giant graviton solution. Finally, we discuss similar Matrix models that can be derived in Type 
II string theories using dualities. 
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1 Introduction 

Several approaches have been taken in the literature for the study of M-theory and Type II 
pp-wave Matrix models [H [21 HI [5] . The derivation of the BMN Matrix model was based on 
the generalization of the action for a superparticle in the pp-wave background to an arbitrary 
number of particles, using the requirement of consistency with supersymmetry pQ. The same 
Matrix model was obtained in [2] by regularizing the light-cone supermembrane action in the 
pp-wave background. In turn, Matrix String theory in Type IIA pp-wave backgrounds has 
been studied in [31 l4pl . by either starting from the supermembrane action in the maximally 
supersymmetric pp-wave background of M-theory and using the correspondence law of [7J 
to reduce it to ten dimensions, or by constructing it from the BMN Matrix action using 
the 9-11 flip. In Type IIB, general features about a Matrix String theory in the maximally 
supersymmetric pp-wave background have been discussed in [8], and an explicit Matrix String 
theory for this background has been constructed in [5]. The approach taken in [5] was to 
regularize the light-cone 3-brane action in the Type IIB pp-wave background, in the same 
spirit of [2]. The light-cone 3-brane carries N units of light-cone momentum, and some of 
its vacua are finite size 3-branes with zero light-cone energy, i.e. giant gravitons [9j. In 
close analogy to the giant graviton description in [I], reference [5] proposes a description of 
the 3-sphere vacua in terms of N expanding gravitons, each carrying one unit of light-cone 
momentum. These are the so-called tiny gravitons. 

We show in this note that both the BMN Matrix model and the Tiny Graviton Matrix 
Theory of [5] can be regarded as theories of coincident gravitons, expanding by Myers dielectric 
effect into their corresponding giant graviton vacua. From this point of view the tiny gravitons 
of reference [5] are simply Type IIB point-like gravitons. 

We start in section 2 by reviewing some properties of the action for coincident M-theory 
gravitons constructed in [TO]. We also recall some of our results regarding the microscopical 
description of giant graviton configurations in AdS m x S n spacetimes using this action. Sec- 
tion 3 is devoted to the derivation of pp-wave Matrix models from the action for point-like 
gravitons. We start in subsection 3.1 with the derivation of the BMN Matrix model. We 
show that the elusive 5-sphere giant graviton solution can be reproduced thanks to a new 
coupling to the 6-form potential present in our Matrix model. In subsection 3.2 we derive a 
new Matrix model in the Type IIB pp-wave background which supports fuzzy 3-sphere giant 
graviton solutions with the right behaviour in the large N limit. We briefly discuss some 
relations between this Matrix model and the Tiny Graviton Matrix theory of [5]. Due to lack 
of space we refer the reader to reference |11| for the explicit derivation of the Matrix String 
theory in the Type IIA background of [3j|3] from the action for coincident Type IIA gravitons. 

2 The action for M-theory gravitons 

The worldvolume theory associated to N coincident gravitons in M-theory is a U(N) gauge 
theory, in which the vector field is associated to M2-branes (wrapped on the direction of 
propagation of the waves) ending on them [10] . This vector field gives the BI field living in a 
set of coincident DO-branes upon reduction along the direction of propagation of the waves. 
In this note we will use a truncated version of the action in [TO] in which the vector field 

4 See also [6]. 
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is set to zero. This action is given by 



S = - J dr STr <jVy-P[£ o + EoiiQ' 1 - 5Y k E k 3E j0 ] det Q j 

+ I dr STr [-P[k' 2 k^] + iP[(i x i x )C^} + \P[{\ x i x ) 2 i k C^] + •••}, (2.1) 

Ep, = v " k~ 2 k^k v + fc-^ifcC^)^, Qj. = (5j + ik[X\ X k ]E kj , 

where we have set the tension (the momentum charge) of a single graviton to one. This action 
contains the direction of propagation of the waves as a special isometric direction, with Killing 
vector k^. In the Abelian limit, a Legendre transformation restoring the dependence on this 
direction yields the usual action for massless particles. In turn, in the non-Abelian case, this 
action gives rise to Myers action for coincident DO-branes after dimensional reduction over k^. 
Notice that the waves are minimally coupled to the momentum operator k^ /k 2 = g z ^/gzz, 
in coordinates adapted to the isometry in which k^ = 5%. The reader is referred to references 
|10] [12] for more details about the construction of this action. 

An important check of the validity of this action is that it has been successfully used in 
the microscopical study of giant graviton configurations in backgrounds which are not linear 
perturbations to Minkowski, like the M-theory backgrounds AdS± x S 7 and AdS-j x S pXJ| [13] . 
In all cases perfect agreement with the description of |14[ [15] has been found in the limit of 
large number of gravitons, in which the commutative configurations of |14[ [T5] become an 
increasingly better approximation to the non-commutative microscopical configurations |16j . 

In the next section we will use this action to describe gravitational waves propagating in the 
maximally supersymmetric pp-wave background of M-theory. In order to find the quadrupolar 
coupling to the 6-form potential of this background we will need to interchange the direction 
of propagation of the waves (the Killing direction in the action) with a compact direction 
that has to do with the £7(1) decomposition of the 5-sphere contained in the background as 
an S* 1 bundle over the two dimensional complex projective space, CP 2 . 

3 pp-wave Matrix models from point-like gravitons 

3.1 The BMN Matrix model with coupling to the six-form potential 

The BMN Matrix model gives the dynamics of DLCQ M-theory in its maximally supersym- 
metric pp-wave background along the direction x~ ~ x~ +2irR, in the sector with momentum 
2p + = —p- = N/R. In this section we are going to show that the same Matrix model, plus a 
coupling to the six-form potential, arises from the action (|2.ip when the gravitons propagate 
in the pp-wave background along the x~ direction. More details about this construction can 
be found in [17]. 

To do this it is convenient to describe the 5-sphere contained in the background as an S 1 
bundle over CP 2 , and to introduce adapted coordinates to the U(l) isometry associated to 
the S 1 . The CP 2 is most conveniently defined for our purposes as the submanifold of M 8 
determined by the set of (four independent) constraints Yl a =i z a z a = 1) Ylb c=l d abc ZbZ c = 
■^z a where {z\, . . . , z%\ parametrize a point in M 8 (see for instance |18j). 

Let us take k^ = 5% in the action (|2.1h . with x the coordinate adapted to the £7(1) fibre. 
Using this coordinate and the Cartesian coordinates {zi, . . . , z$}, embedding the CP 2 in M 8 , 
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the background metric and potentials read 

ds 2 = -Adx + dx~ - \(^) 2 {x\ + x 2 + x 2 ) + (^)Vj (dx + f 

- o D - 

+dx\ + dx\ + dx\ + dy 2 + y 2 [{d\ - A) 2 + dz\ + . . . + dz 2 ] , 
C% = ^e ijk x k , i, j = 1, 2, 3 , Cf xahcd = ^f^f^f z e z f ,a,b,c,d = l,...8 ,(3.2) 

where f abc are the structure constants of SU(3). Note that the choice of adapted coordi- 
nates to the U(l) isometry in the decomposition of the 5-sphere as an S 1 bundle over CP 2 
reduces the explicit invariance of the 5-sphere from SO (6) to SU(3) x 17(1) 0. Therefore the 
background is manifestly invariant under U(l) 2 x SO(3) x SU(3) x U(l). Taking light-cone 
gauge, x + = t, and the waves propagating along the x~ direction we find (we have denoted 
the non-Abelian transverse scalars by Capital letters) 

S = - J dx+STr{±y//3 + Ax' - X* - i? - y*Z> (l - £[X, X} 2 - £[Z, Z} 2 ) } 

-| j dx + STr{-ie tlk X k XiX l + ±y 6 f [abe f cd]f Z d Z c Z b Z a Z e Zf} , (3.3) 

where = [(^) 2 (X 2 + X\ + X|) + (| ) 2 y 2 }, y, the radius of the 5-sphere, is taken to be 

commutative, consistently with the invariance of the background, and 1— ^[X, X] 2 — \\Z, Z] 2 
arises as the expansion of the square root of the determinant of Q up to fourth order in the 
embedding scalar 

The most general non-commutative ansatz compatible with the symmetry of the back- 
ground is to take X i = -^=J\ i = 1, 2, 3, and Z a = -^T a , a = 1, . . . , 8, where the ,P (the 
T a ) form aniVxJV representation of SU(2) (577(3)) and Cm is the quadratic Casimir of the 
group in this representation. With this ansatz and Legendre transforming x~ to p_ we fined 

H = -fdx + STr{±(X 2 + y 2 + y 2 Z 2 )-±(^X 2 + ^ 

-^Ry 10 [z, zf + i^x^xw - ^f [ab j cd]f z d z c z b z a z e zf} . (3.4) 

This Hamiltonian shares with the BMN Matrix model the M 3 part of the geometry, whereas 
the M 6 part is described in a different system of coordinates, in which the SO(6) invariance 
is reduced to SU(3) x [7(1) . What is most interesting is that we find a new coupling to the 
six-form potential of the background. This coupling supports a fuzzy 5-sphere giant graviton 
solution with the right radius in the large N limit. 

The fuzzy 5-sphere solution is realized as an S* 1 bundle over a fuzzy CP 2 . The same 
kind of fuzzy spheres arise in the microscopical description of the 5-sphere giant graviton 
solutions of the AdS^ x S and AdSj x S 4 backgrounds [13]. As in those cases the fuzzy 



5 The whole invariance under SO(6) should however still be present in a non-manifest way. 

6 The same approximation is taken inside the square root in (|3.3[) . Note that this is the usual approximation 
taken in non-Abelian BI actions |16| . which is valid when the non-Abelian action is good to describe the system 
of waves, that is, when the waves are distances away less than the Planck length (in our units l p = (\/27r) -1 . 

7 Note that the action (|3.3|) describes gravitons which, by construction, carry units of momentum charge 
in the \ direction. This momentum charge has to be set to zero in order to describe the sector of the theory 
with only light-cone momentum. How to do this consistently without putting to zero the number of gravitons, 
given also by N, is explained in \17\ . We refer the reader to that reference for the details. 
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CP 2 is constructed by making non-commutative the z a coordinates that parametrize M 8 . 
The set of four independent constraints is realized at the level of matrices by choosing the 
generators of SU(3) in the (n, 0) or (0, n) irreducible representations. In these representations 

Z a = 1 T a_ 

Substituting this ansatz in the Hamiltonian and taking r = X 1 = 0, i = 1, 2, 3, and y and 
Z a time independent one gets 

Minimizing this expression we find two zero light-cone energy solutions. One for y = 0, 
the point-like graviton, and another one for y = ( WL+ife) )V 4 ; which corresponds to the 
giant graviton solution. Taking into account that the dimension of the (n, 0) and (0, n) 
representations is N = ("+ 1 K n + 2 ) anc t that p- = —N/R, we have that for large N, y ~ 



2 , 



|/ip_) 1//4 which is the radius of the classical 5-sphere giant graviton solution of the pp- 
wave background (see [IT]). Furthermore, in this limit the microscopical and macroscopical 
Hamiltonians agree exactly. This is an important check for the validity of the Matrix model 
given by 



3.2 The Type IIB pp-wave Matrix model 

A Type IIB pp-wave Matrix model can also be derived from the action for coincident gravitons 
constructed in [19]. This action is very similar to the one describing M-theory gravitons that 
we have reviewed in the previous section. The main difference is that it contains a second 
isometric direction which allows to couple the 4-form RR-potential dielectrically. This action 
is particularized to the Type IIB background identifying x + with the worldline time, and 
taking the gravitons propagating in the tp direction^. The second isometric direction present 
in the action is identified with a 7,2 symmetric combination of the two fibers associated to the 
two S s in the parametrization of the two transverse 3-spheres of the pp-wave background 
as S 1 bundles over S 2 . Using then Cartesian coordinates to describe the 2-spheres one finds 
non- vanishing dielectric couplings of the RR 4-form potentials, which allow the existence of 
zero energy solutions corresponding to expansions of the gravitons into the two 3-spheres 
contained in the geometry. The details of this construction can be found in [llj . Here we 
simply quote the final Matrix model derived in that reference: 

H = -jdx + STr{^{r 2 +y 2 + ^X 2 + ^Z 2 )-^(r 2 + y 2 ) + 

+ 2o6 i?(r2 + ^ ( r4[X ' X? + ^ Z]2 + 2r2y2[X > Z? ) + 
-i^e ljk X l XJX k - i^y A e ahc Z a Z b Z c ] (3.6) 

This Type IIB Matrix theory is a U(N) gauge theory built up with six non-Abelian scalars, 
X' 1 , i = 1,2, 3, and Z a , a = 1, 2, 3 plus two Abelian ones, r and y, which are the radii of the 
two 3-spheres. The gauge field is set to zero through the gauge fixing condition A T = 0. In 
these coordinates the explicit symmetry of the background is reduced to (SO(3) x C7(l)) 2 . 

8 This is equivalent to taking the gravitons with momentum p_, as explained in [llj . 
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A non-trivial check of the correctness of this Matrix model is that it supports fuzzy 3- 
sphere solutions which agree exactly, in the limit of large number of gravitons, with the 
classical 3-spheres of |14l [9] . Note that the 3-sphere giant graviton expanding in the spherical 
part of the geometry [14J and the one expanding in the AdS part [15j [20] of the AdS$ x 5 5 
spacetime are mapped under Penrose limit into the same type of solution, a fact that is 
reflected in the action through the Z2 symmetry r <-> y, X <-> Z. Let us consider for instance 
the dual giant graviton solution, i.e. the one expanding into the (Penrose limit of the) AdS 
part of the geometry. The fuzzy 3-sphere ansatz is given by: r = constant, y = Z a = 0, 
a = 1,2,3, X % = = J l , i = 1,2,3, where J 1 are SU(2) generators in an TV" dimensional 

representation. That is, we define the fuzzy 3-sphere as an S 1 bundle over a fuzzy 2-sphere. 
Substituting this ansatz in (|3.6j) we get 

r 2 / 27r 2 T 3 r 2 x2 
H = -p-—[n+ • (3.7) 



2 V p_ 



Therefore, the radius of the giant graviton solution is given by r 2 = Wg^±, which agrees 
exactly with the macroscopical solution of |14t [9] . 

Our Matrix model is a one dimensional gauge theory which could be a candidate for the 
holographic description of strings in the pp-wave background. There is however a second 
candidate for this holographic description, which is the Tiny Graviton Matrix theory of [5]. 
The obvious difference between both models is that our Matrix model does not depend on 
the Matrix £5, which lacks a direct physical interpretation. However this happens at the 
expense of losing the explicit SO (4) x 50(4) symmetry of the transverse space, and of the 
Matrix model in [5]. The existence of these two different Matrix models for the Type IIB 
pp-wave background could be related to the fact that there is no unique way to quantize 
diffeomorphisms in a 3-sphere. Therefore one could expect different gauge theories with the 
right continuum limit. We refer the reader to reference [11] for a more extensive discussion 
on the differences between both Matrix models. 
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